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SELF-DIFFUSION IN ELECTROSTATICALLY
STABILIZED COLLOIDAL SUSPENSIONS USING
BROWNIAN DYNAMICS

W.E. TEGROTENHUIS, C.J. RADKE, and M.M. DENN

Center for Advanced Materials, Lawrence Berkeley Laboratory and Department of
Chemical Engineering, University of California, Berkeley, California 94720 USA

(Received December 1987, in final form March 1988)

Brownian dynamics is applied to suspended colloidal particles interacting through a screened Coulombic
pair potential in the dilute region where the hydrodynamics is approximated by Stokes drag. Calculated
properties include the osmotic pressure, the radial distribution function, and the self-diffusion coefficient.
Verification is obtained by comparing the results to independently evaluated properties. Self-diffusion
coefficicents are compared to approximate theories in the literature. The self-diffusion coefficient is
observed to depend strongly on the local structure but only slightly on the longer range structure.

KEY WORDS: Brownian dynamics, colloidal suspensions, Coulombic potential, self-diffusion coefficient,
osmotic pressure.

1 INTRODUCTION

Detailed knowledge of the microstructure of suspensions is necessary for a com-
prehensive understanding of macroscopic behavior. The influence of microstructure
is manifested in a wide range of rheological behavior, for example shear thinning,
thixotropy, dilatancy, and viscosity discontinuity [1-3]. One application in which
microstructure plays a critical role is in the production of specialty ceramics, where
colloidal suspensions act as precursors; here the microstructure influences structural,
thermal, optical, and electrical properties of the ceramic products. In this work, the
objective is to study the influence of microstructure on the self-diffusion of colloidal
particles.

Brownian dynamics (BD) is a useful tool for studying microstructure. From first
principles, Brownian dynamics enables the simulation of the trajectories of a collec-
tion of particles at constant temperature and concentration. From the particle trajec-
tories, the dynamics of the microstructure can be discerned and the macroscopic
properties calculated [4-9]. Brownian dynamics differs from molecular dynamics in
the treatment of the solvent molecules [10,11]. The solvent molecules and the particles
differ in size by several orders of magnitude in colloidal suspensions; hence the time
scales of motion also differ by several orders of magnitude. The motion of the solvent
in Brownian dynamics simulations is integrated over the time scale of the particle
motion, and the solvent-solvent and solvent-particle interactions are replaced by a
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viscous dissipation term and a random Brownian force, respectively, in the equations
of motion for the colloidal particles. These terms are related through the fluctuation
dissipation theorem [12,13] and serve to exchange energy between particles and the
solvent. In this way the solvent behaves as a thermal bath maintaining the average
temperature of the particles.

The particles also experience a potential field due to the presence of the other
particles. The sources of these interactions include short range Born repulsion, short
range structural forces, van der Waals forces, electrostatic forces, and stcric forces;
their relative importance depends on the composition and properties of the solvent
and the bulk and surface properties of the particles. When the surfaces of the particles
are charged and in an aqueous solvent at low ionic strength, the electrostatic repulsive
force is the dominant interaction; for this class of systems, the screened Coulombic
pair potential [14] is typically used [5-9,15,16]. Because they are moving through a
viscous medium, the particles can also interact hydrodynamically; at sufficiently low
concentrations, with large, long-range repulsive forces, the hydrodynamic interac-
tions are negligible, howcver.

In this work, the overall system is stationary and at constant uniform conditions.
Thermodynamic properties can therefore be calculated, enabling verification of the
technique by comparison with other evaluations of thermodynamic properties. The
calculated self-diffusion coefficients, obtained as the limiting slope of the mean square
displacement curve, enable the evaluation of the applicability of available theories for
self-diffusion. The influence of microstructure on self-diffusion is discerned by varying
simulation parameters and contrasting the changes in the self-diffusion coefficient
with changes in the radial distribution function.

2 THEORY

The Brownian dynamics method employs the Langevin equation as the equation of
motion for the particles [11]. The force balance includes inertia, viscous drag, inter-
particle forces, and a random Brownian force, respectively, as follows:

ma, + R-v, — F, — mA, = 0 (1

Here m is the particle mass; a; and v, are the acceleration and velocity vectors of
particle 7, respectively; R is the resistance matrix; F; is the net interparticle force; and
A, is the random Brownian force.

Fach particle moves through a potential field resulting from the presence of other
particles in the system. Particle / therefore experiences 4 net force, F;, which depends
on the instantaneous location of the other particles; we assume pairwise additivity,

Fooy dU(ry) 1
J

dr
where the sum is over all the other particles and U(r) is the potential of interaction
between two particles with centers separated by distance r. The potential,

@)

exp(—(r —2a)/A)

r

ury = G, (3)

1s used throughout this work to model the interaction between electrostatically
stabilized particles; this form is equivalent to the screened Coulombic interaction of
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the DLVO theory [14] in the limit of /¢ » 1, where 4 is the Debye screening length
and a is the particle radius. Other interactions are assumed to be negligible in this
limit. U, is, in general, a function of the particle surface potential (or surface charge),
the permittivity of the solvent, and the particle radius. The Debye screening length is
a defined function of the ionic concentration, the solvent permittivity, and the
temperature.

The resistance matrix, R, contains the hydrodynamic interactions between the
particles and is in general a function of the instantaneous particle configuration
[17,18]. At low concentration, in the limit of A/a > 1 and U,/kT > 1, the particles
do not approach closely enough to experience significant hydrodynamic interactions.
Viscous drag is therefore approximated by Stokes drag; accordingly, the resistance
matrix is set to

kT
R = D, I C))]
where I is the identity matrix. D, is the free diffusion coefficient which is obtained from
the Stokes-Einstein relationship

p, = 2L ©)
6mpa
where p is the solvent viscosity. The systems are at sufficiently low concentration to
justify the Stokes drag assumption for most of the results, but for the purpose of
comparison to theory, results have been included for higher concentrations where the
assumption is expected to break down.

Ermak and McCammon developed a numerical solution of the Langevin equation
for time steps much greater than the momentum relaxation time [11]. When the Stokes
assumption is applied to their result, the particle displacement equation becomes

D,
Ar, = T F.Ar + B,. (6)
This result states that inertia does not contribute to order Ar with the Stokes drag
assumption. It is also obtained from the Smoluchowski equation under the same
assumptions [19]. A lemma proved by Chandrasekhar [20] has been used to integrate
the random Brownian force, A, to give a Gaussian random displacement, B;, with
mean zero and a variance

(B,(A1)'B,(A1)> = 2D,At. (7)

Simulations are performed in three dimensions for a fixed number of particles in a
cubic box of length L, using periodic boundary conditions. The long-range forces are
truncated using either the spherical cut-off or the minimum image method [21].
Truncation occurs at the surface of a sphere of radius L, in the former method, and
the spherical symmetry is useful in calculating the osmotic pressure correction as given
below. The minimum image method, used for comparison, normally truncates the
forces at the surface of a cubic box of the same size as the system box and centered
at the particle. Here the truncation box is made arbitrarily smaller by specifying half
the box length, L,. Both L, and L, must be less than or equal to half the system
dimension.

Thermodynamic properties are calculated from particle configurations obtained
during the simulation. The radial distribution function, g(r), follows by discretizing
the space around each particle into spherical shells
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Here ¢ is the volume fraction; r;, and r,,, are the inner and outer radius of shell i,
respectively; N, is the number of configurations; N is the number of particles; and 7,
1s the number of particles in shell i around particle & of configuration ;.
The osmotic pressure is calculated using the virial theorem [22] as

n A I,
ar = v u d (e SR + ®

where the second sum 1s over all particle pairs. Truncation of the pair forces results
in underprediction of the osmotic pressure, and a correction, denoted IT,, is required
to account for the long range mean field. This correction is calculated from the
pressure equation by assuming that g(r) is equal to unity for distances greater than the
truncation length, resulting in the integral

Mo o g f dU0)
okT =~ 6kT 7L dr
when the forces arc truncated spherically.

The long-time self-diffusion coefficient, D,, is defined as the limiting slope of
mean-square displacement versus time [9]

D. = lim {(Ar(0)2>/61. (11)

1=

) 4nr*dr (10)

The angular brackets indicate an average mean-square displacement for a time
interval, ¢, which is obtained by averaging over many starting times, ¢°, and over all
the particles [9]. The starting times are separated by a specified number of time steps,
m, and the number of starting times, N, is determined by the length of the simulation.
The average mean-square displacement at a discrete value of time is therefore cal-
culated as

1 &

APy = gy 2

=

[rit + 1)) — )P (12)

1

3 CALCULATIONS

All physical and numerical parameters have been non-dimensionalized as shown in
Table 1. Results are presented for two sets of the interaction parameters, F, (the

Table 1 Dimensionless Simulation Parameters

Force constant F, = U,/2akT

Debve length ila

Tine step At = DA

Volume fraction 4 N
3 (Lja)

Box truncation length Lyla

Sphere truncation length L ja
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Table 2 GSVW cases

Case L,ja Lja D,/D, Fruax /@ & max)
A - 91.02 0.455 32 1.64
B - 85.00 0.449 32 1.62

*C - 80.00 0.432 31.5 1.58
D - 70.00 0.456 32 1.63

*E - 60.00 0.419 315 1.63
F - 50.00 0.459 31.5 1.59
G - 25.00 0.599 26 1.67
H - 10.00 0.976 - -

1 91.02 - 0.465 32 1.66
*J 80.00 - 0.427 32 1.59
*K 60.00 - 0.236 31.5 1.61

L 54.50 - 0.2276 36 I.19
Common GSVW parameters:

Force constant F, = 556.

Debye length Aa = 1341

Box length L/a = 182.0 (Lja(case L) = 108.9)

Volume fraction ¢ = 0.00015 {d(case L) = 0.0007)

Number of particles N =216

Time step T = 0.3612 ‘At(case L) = 0.1806)

Number of time steps 4500 or *S000 steps

Configuration sampling freq. 10 steps

Starting time, 1°, freq. m = 10 steps

dimensionless force constant) and 4/a (the dimensionless Debye screening length).
Values F, = 556.1 and A/a = 13.41 enable comparison of this work to the Brownian
dynamics calculations of Gaylor et al. (GSVW) [6,7]. The second parameter set,
F, = 20.50 and A/a = 11.111, enables comparison of calculated self-diffusion coef-

Table 3 KH cases

Case ¢ Lia DD,  runia  8(tmy)  TL/pkT /pkT  *I + Byo
M 1.6 x 107°  406.4 0.968 - - 2 x 1077 1.094 1.10
N 3.2 x 1070 3226 Loz - - 1.2 x 107° 1.200 1.2
O 8 x 107° 2377 0.907 - - 8.2 x 107* 1.480 1.50
P 0.0005 129.0 0.856 22 1.01 0.247 4.839 4.13
Q 0.001 102.4 0.782 16.5 1.02 1.152 9.083 7.26
R 0.0015 8942  (1.768 15 1.04 2.542 13.41 10.39
S 0.0025 75.42 0.736 12.5 1.07 6.284 22.17 15.65
T 0.005 59.86  0.663 9.5 1.09 18.79 44.38 31.30
U 0.01 47.51  0.667 7.7 1.14 49.96 89.18 62.59
A\ 0.05 27.78 0.596 4.4 1.27 360.1 4499 313.0
Common KH parameters:

Force constant E, = 20.50

Debye length Ala = 1111

Spherical trunc. length L/a = (Lja)/2

Number of particles N = 256

Time step At = 0.05

Number of time steps 35000 steps

Configuration sampling freq. 10 steps

Starting time, t° freq. m = 10 steps

*B,-Second virial coefficient

[22]
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Figure 1 Mean square displacement versus dimensionless time for GSVW parameters (F, = 556, 4/
a = 1341) at ¢ = 0.015% ¢ GSVW [7], + case A), at ¢ = 0.07% (—-— GSVW [7], & case L),
and for free diffusion (- - ~).

ficients to the theoretical results of Klein and Hess (KH) [15,16]. The volume fraction
of particles is varied for a fixed number of particles by varying the box size. The
GSVW results were obtained for 216 particles and the KH results for 256 particles.
Tables 2 and 3 contain additional simulation mformation regarding the choice of time
step, run length, and the other numerical parameters.

The initial configuration of the particles is obtained as the final configuration of a
previous simulation run at the same conditions. The length of the previous simulation
was always sufficient to allow the osmotic pressure to reach an asymptotic value. In
general, the fluctuations in the osmotic pressure indicate an error of less than 1% in
the calculated osmotic pressure (not including the error associated with the correc-
tion, I1,).

20

2.0 4 _.'\ 3 E

1 S B
..—-—-"‘a 00
<
<@
0.0 -4 T : T
o 20 40 a0 80 100

r/a
Figure 2 Radial distribution functions calculated for GSVW parameters (F, = 556, i/a = 13.41) at

¢ = 0.015% from Brownian dynamics (BD, - case A) and from Monte Carlo (MC, B) calculations of
E. Reiner [25].



20: 00 14 January 2011

Downl oaded At:

DIFFUSION IN COLLOIDAL SUSPENSIONS 9

2.0
_
154 _ 1"
—
-
_ -
-

n -
AT 107

0.5

0.0 T T T T

0.0 0.2 0.4 0.8 0.8 1.0
(] [x10‘)
(a)
50
a
40 p
-~
-~
-~

30 - -
n -7
pPkT o -

-
20 _
-~
=] - -
10 -
2
~
P
et
0 T T T T T T
0 10 20 30 40 50 60
[] (x107
(b)
Figure 3 Osmotic pressure versus volume fraction for KH parameters (F, = 20.5, i/a = 11.111) from

Brownian dynamics calculations (2 - including correction, I, /okT) compared to the linear form of the
virial expansion (——— 8, = 26200).

Random Brownian displacements are generated using a pseudo-random number
generator. First, random numbers are generated from an even distribution on the
interval [0,1] using MATLIB’s RANF function {23]. They are then converted to a
normal distribution with a mean of zero and a standard deviation of unity using the
Box-Muller transformation [24]. Finally, the numbers are multiplied by the desired
standard deviation, V/A_r. A different seed is used to initialize the random number
generator for each simulation. Comparisons of simulations run at indentical con-
ditions with different random number sequences indicate errors of up to 5% in the
self-diffusion coefficient.

Table 2 contains information for the GSVW simulations including the requisite
parameters, the height and location of the first peak in the calculated g(r), and the
self-diffusion coefficient. The same information as well as the osmotic pressure is
presented in Table 3 for the KH simulations.

Figures 1 to 3 establish the validity of the algorithm, Figure 1 illustrates the
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Figure 4 Radial distribution functions calculated for the KH parameters (F, = 20.5, Zja = 11.111) at
indicated volume fractions. Forces are spherically truncated at the last calculated grr; point (Note the

change of abscissa scale).

agreement between our calculated mean square displacements and the Brownian
dynamics results of Gaylor et al. [7] at two volume fractions. A radial distribution
function computed using Brownian dynamics is compared in Figure 2 to a result
obtained from Monte Carlo calculations [25]; the curves agree within 1% at all points.
Finally, the calculated osmotic pressure must agree with the virial expansion in the
limit of vanishingly small volume fraction. As shown in Figure 3, there is excellent
agreement with the linear virial expansion for the KH parameters up to a volume
fraction of about 5 x 107* and a value of 5 in the reduced osmotic pressure. (The
calculated osmotic pressure deviates positively from the linear form of the virial
expansion. This is expected for a purely repulsive system, because the higher order
terms in the virial expansion will also have positive coeflicients. It is interesting to note
from Table 3 that at sufficiently high concentrations the mean field correction be-

comes the major contribution to the osmotic pressure.)

4 SELF-DIFFUSION COEFFICIENT

Figures 4 and 5 show how the radial distribution function and the self-diffusion
coeflicient change as the volume fraction 1s increased beyond the dilute limit. Taken
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Figure 5 Self-diffusion coefficient, D,, versus volume fraction for the KH parameters (F, = 20.5, 4/
a = 11.111); weak coupling approximation (—-— WCA) [26], mode coupling approximation (
MCA) [15, 16], and Brownian dynamics (® BD) results.

together, the two figures illustrate the connection between the appearance of structure
in the system and a change in self-diffusion behavior. At very low volume fraction
(Fig. 4a), the lack of structure in the system is confirmed by the absence of peaks in
g(r); the corresponding self-diffusion coefficient is nearly equal to the free-diffusion
coefficient. The gradual development of the first peak in g(r) with increasing volume
fraction corresponds to a gradual decrease in the self-diffusion coefficient (Figs. 4b to
4d). Once the first peak has been established, it grows and moves closer to the central
particle with increasing volume fraction; D, continues to decrease, but the rate of
decrease is small (Figs. 4e to 4g). Even as the volume fraction is increased to 0.05 (Fig.
4h), where second and possibly third peaks in g(r) appear, the decrease in the
self-diffusion coefficient is slight. The self-diffusion coefficient is thus strongly influen-
ced by the presence of a cage of nearest neighbors, but is affected much less by the
longer range structure.

Although the calculations are sufficiently accurate to resolve the linear region of the
osmotic pressure, which extends to a volume fraction of 5 x 107* for the KH
parameters (c.f. Fig. 3), the same is not true for the self-diffusion coefficient. Figure
5 shows that the linear weak coupling approximation (WCA) theory [26] for self-
diffusion breaks down at an order of magnitude lower in volume fraction; the
accuracy of computing D, is not sufficient at these lower concentrations to establish
quantitative comparison. Whereas the virial expansion gives the exact linear behavior,
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Figure 6 Radial distribution functions calculated for GSVW parameters (F, = 556, 4/a = 13.41) at
¢ — 0.015% for various spherical force truncation lengths, L., indicated by the vertical linc in cach graph.

the WCA theory relies on the approximation that the potential of interaction is small,
and this is only true at very low volume fraction when the particles are typically far
apart. As the first peak in g(r) appears at ¢ ~ 5 x 10 *, the particle interactions
become strong, so the weak coupling theory must break down.

Klein and Hess predicted non-linear dependence of the self-diffusion coefficient on
volume fraction by using a mode coupling approximation to incorporate equilibrium
structure [15, 16]. Figure 5 demonstrates the ability of the mode coupling theory to
predict the correct qualitative behavior; the large decrease in D, in the region where
the first peak of g(r/ appears is followed by a gradual decrease at higher volume
fractions. The mode coupling theory results are 10-20% lower than the Brownian
dynamics results.

Ohtsuki and Okano [27, 28] predicted self-diffusion coefficients by using the super-
position approximation and solving the Smoluchowski diffusion equation to first
order in particle density. Their results are in quantitative agreement with Brownian
dynamics calculations of Gaylor et al. [6, 7]. Ohtsuki [27] observed that the self-
diffusion coefficient continues to slowly decrease for very long times and suggested
that the Brownian dynamics calculations have not achieved the limiting slope of the
mean-square displacement, resulting in an overprediction of the long-time self-
diffusion coefficient. Klein and Hess [29] have reported similar behavior. This is a
possible explanation for the quantitative disagreement in the results,

The influence of the truncation of the forces on g(r) and D, is illustrated in Figs.
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Figure 7 Self-diffusion coefficient versus force truncation length (x - L, spherical; ¢ - L,, box) for
GSVW parameters (F, = 556, A/a = 13.41) at ¢ = 0.015%.

6 and 7. When L, is beyond the second peak in g(r), changing the force truncation
length has a minimal effect on both g(r) and D, (Figs 6a to 6e). When the truncation
length is moved inside the second peak, the structure of the second peak is effectively
lost, but the self-diffusion coefficient remains relatively uneffected (Fig. 6f). A signifi-
cant change in self-diffusion is not observed until the truncation length is reduced to
the location of the first peak in g(r) (Fig. 6g). Finally, when the truncation length is
less than the location of the first peak, the structure of the system is completely lost
and the free diffusion coefficient is recovered. The comparison of the spherical cut-off
and minimum image methods shown in Figure 7 demonstrates that the choice of the
truncation shape does not influence the computed self-diffusion coefficient as long as
the truncation length is sufficiently large. This provides a further illustration of the
fact that self-diffusion is strongly dependent on the local structure and is only slightly
influenced by long-range structure.
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